We show that a nonlinear optical response associated with a resonant, atomically thin material can be dramatically enhanced by placing it in front of a partially reflecting mirror, rendering otherwise weakly nonlinear systems suitable for experiments and applications involving quantum nonlinear optics. Our approach exploits the nonlinear response of long-lived polariton resonances that arise at particular distances between the material and the mirror. The scheme is entirely based on freespace optics, eliminating the need for cavities or complex nanophotonic structures. We analyze a specific implementation based on exciton-polariton resonances in two-dimensional semiconductors and discuss the role of imperfections and loss.
The realization of strong nonlinear interactions between individual light quanta (photons) has been a longstanding goal in optical science and engineering that is both of fundamental and technological significance [1] . While in conventional optical materials the nonlinearity at light powers corresponding to single photons is negligibly weak, remarkable advances have been recently made towards realizing this goal. One promising approach to quantum nonlinear optics is based on quantum emitters confined to cavities or nanophotonic structures that greatly enhance light-matter interactions. Proofof-principle experiments have been carried out with neutral atoms [2] [3] [4] , quantum dots [5] , and color centers in diamond [6, 7] . At the same time, experiments with cold gases [8] , ensembles of solid state quantum emitters [9] , and excitons in transition metal dichalcogenides (TMDs) [10, 11] have demonstrated strong light-matter coupling without the need for nanophotonic structures. This is achieved via spatially delocalized optical excitation, which, however, reduces the nonlinearity, thereby rendering the system effectively linear at the level of individual photons. A number of solutions to this challenge have been proposed, for example, exploiting Rydberg blockade to induce strong, nonlocal interactions between ultracold atoms that result in strong photonphoton interactions [12] . This approach has been applied to realize photon blockade [13] [14] [15] , two-and three-photon bound states [16] and symmetry protected collisions between strongly interacting photons [17] . Extending such techniques to the domain of integrated solid-state systems is an outstanding challenge.
This Letter describes a novel approach to quantum nonlinear optics, which makes use of resonant, atomically thin materials. One example of such a material is a two-dimensional semiconductor such as a TMD monolayer, which supports tightly bound, optically active excitons [18] . In free space, excitons with zero in-plane momentum decay with a radiative rate γ, emitting a plane wave to either side of the TMD. Interactions between excitons render the system nonlinear, giving rise to a shift of the two-exciton state relative to the noninteracting case. However, in practice this nonlinearity is emitter is positioned at a distance d in front of a partially reflecting mirror with reflection and transmission coefficients r0 and t0, respectively. The free-space radiative decay rate is given by γ, while γ denotes the loss rate. The setup is formally equivalent to that shown in (b), where the two-dimensional emitter is replaced by an atom and a one-dimensional waveguide takes the role of the free-space plane-wave mode. (c) Transmission spectrum in the limit γ νFSR for γ = 0 and T0 = 0.1 at various distances d. very weak, requiring a large number of excitons to create a resolvable shift. To enhance the nonlinear optical response, in our approach, the TMD is placed in front of a partially reflecting broadband mirror as shown in Fig. 1a . When the separation between the TMD and the mirror is close to a half-integer multiple of the exciton resonance wavelength, the light emitted by the TMD towards the left (Fig. 1a ) and the light reflected by the mirror destructively interfere, which leads to significant suppression of the radiative linewidth, enhancement of the exciton lifetime and an associated enhancement of the optical nonlinearity. This effect can be understood in terms of the formation of long-lived exciton-polaritons, with a substantial excitonic component, which become very sensitive to nonlinear frequency shifts arising from exciton-exciton interactions. Before proceeding, we note an important connection with the single-atom system shown in Fig. 1b , where a point-like emitter is coupled to a one-dimensional waveguide. Both systems can be thought of as a single-channel scattering problem with an emission rate γ into the channel of interest and a loss rate γ . In the case of a single atom, γ is typically dominated by emission into unconfined free-space modes. By contrast, conservation of in-plane momentum prevents scattering into undesired channels for a TMD, and loss only emerges due to material imperfections such as disorder and nonradiative decay of excitons. The relevant condition of low loss, γ γ, has already been demonstrated in high quality TMD samples [10, 11] . Similar considerations associated with conservation of momentum equally apply to other two-dimensional systems such as ordered arrays of trapped atoms with sub-wavelength spacing [19, 20] .
The key idea of this work can be understood by first considering the linear response of a TMD in free space. The amplitude reflection coefficient close to an excitonic resonance is given by the complex Lorentzian r TMD (δ) = −i(γ/2)/[δ + i(γ + γ )/2], where δ denotes the detuning from resonance [21] . Rather strikingly, the TMD acts as a perfect reflector at zero detuning in the absence of losses despite being much less than a wavelength thick. The vanishing transmission is the result of resonant scattering into a single channel, where the incident field destructively interferes with the scattered field. The effect has been discussed in a variety of other contexts including a single atom coupled to a one-dimensional waveguide [22] , classical plasmonic resonators [23] , and ordered arrays of atoms [19, 20] .
A nearby mirror significantly modifies the optical response. The intensity transmission coefficient T can be computed by summing over all multiple reflections between the TMD and the mirror [24] . As shown in Fig. 1c and d, the transmission spectrum strongly depends on the distance d. In particular, perfect transmission is only attainable at specific distances close to half-integer multiples of the exciton transition wavelength λ 0 , having assumed for concreteness that r 0 is real and negative. This distinction from a conventional Fabry-Pérot resonator originates from the frequency dependence of the TMD. Perfect transmission through a Fabry-Pérot resonator occurs when two conditions are met: The round trip phase is an integer multiple of 2π and the reflection coefficients of the two mirrors are equal. Applied to our system, the latter condition may be stated as |r TMD (δ)| 2 = |r 0 | 2 , which sets the detuning at which the Fabry-Pérot resonance occurs, δ FP = ±(γ/2) T 0 /R 0 . The former condition then determines the allowed distances d FP according to the relation r 0 e 2ikFPdFP = −R 0 ± i √ R 0 T 0 , where k FP is the wavenumber corresponding to the resonance frequency. Here, r 0 and t 0 denote the (complex) amplitude reflection and transmission coefficient of the mirror, while R 0 = |r 0 | 2 and T 0 = |t 0 | 2 refer to the respective intensity coefficients. We may estimate the width γ FP of the high-transmission resonance by considering the phase accumulated by a photon during N ≈ 1/T 0 round trips before it is transmitted through the mirror. If the photon is detuned by ∆ from the resonance, it accumulates an additional propagation phase ϕ prop (∆) = 2N d∆/c, where c is the speed of light. Furthermore, the reflection phase imparted by the TMD is modified by ϕ TMD (∆) ≈ 2N ∆/γ. The width of the resonance follows from ϕ prop (γ FP ) + ϕ TMD (γ FP ) ≈ 1. In the limit ϕ prop ϕ TMD , the phase from the TMD can be neglected and the system resembles a conventional Fabry-Pérot resonator. We are interested in the opposite limit, ϕ prop ϕ TMD , requiring that γ be much smaller than the free spectral range ν FSR = c/(2d), which yields γ FP ≈ T 0 γ. For a highly reflecting mirror, γ FP is much smaller than the free-space linewidth γ. The narrow linewidth can be physically understood in terms of a long-lived polariton formed by an exciton and a photon localized between the TMD and the mirror. Spontaneous emission from the polariton is suppressed because the photonic component destructively interferes with the field emitted by the exciton.
Since the polaritons are predominantly composed of excitonic degrees of freedom, the interaction between them is comparable to the interaction between excitons in the absence of a mirror. At the same time, polaritons may interact over a much longer duration owing to their extended lifetime. If we denote the interaction energy between two excitons by χ, we therefore expect that a strong quantum nonlinearity can be observed if χ > T 0 γ, which corresponds to an effective enhancement of the nonlinearity by a factor 1/T 0 compared to free space. In practice, the quantum nonlinearity results in photon antibunching as the presence of a single polariton blocks transmission by shifting the Fabry-Pérot resonance by more than its width. In what follows, we confirm this simplified analysis and show that this effect is robust to loss, provided the loss rate γ is smaller than γ FP , as is required to maintain near unity transmission (see Fig. 1e ).
We now proceed with a detailed analysis of the proposed enhancement. The above classical approach fully accounts for the linear response of the system but it is insufficient to capture quantum nonlinear effects. To this end, we quantize both the excitonic degrees of freedom and those of the electromagnetic field. The spatial mode of the excitons that couples to the light field is described by the bosonic annihilation and creation operators a and a † . The internal dynamics of the excitons are governed by the Hamiltonian H 0 = ω 0 a † a + (χ 1 /2)a † a † aa, where ω 0 is the resonant frequency of the excitons and χ 1 is the dispersive nonlinearity due to exciton-exciton interactions. A level diagram of the the three lowest energy states is shown in Fig. 2a . We employ an input-output formalism to eliminate the photonic degrees of freedom, upon which the equation of motion for a system operator Q can be expressed in terms of the Heisenberg-Langevin equation [24, 25] 
where k 0 = ω 0 /c and
is the Rabi frequency. It is composed of a superposition of the input fields b in,R and b in,L , illustrated in Fig. 1a , which evolve as freely propagating photonic modes (as if the TMD and mirror were absent). The dissipative dynamics are described by
In addition to the radiative decay rate γ and the loss rate γ , we include a nonlinear decay rate χ 2 . This rate accounts for the dissipative nonlinearity that may arise from nonradiative decay involving a pair of excitons, or from excitons scattering off each other into a spatial mode outside the mode of interest. Finally, the term F[Q] in Eq. (1) is a Langevin noise operator, an explicit expression for which is given in the supplemental material [24] . Equation (1) is valid under three assumptions: (i ) The Markov approximation applies, requiring that γ ω 0 . This is typically justified for optical transitions and indeed holds for excitons in TMDs. (ii ) The photons initially occupy a coherent state that is uncorrelated with the excitons. (iii ) Retardation can be neglected during a round trip of a photon traveling between the TMD and the mirror. We show in the supplemental material that this gives rise to the conditions γ ν FSR , γ ν FSR 1 + Re r 0 e 2ik0d / Im r 0 e 2ik0d , and χ 1,2 ν FSR 1 + Re r 0 e 2ik0d , the first one being equivalent to the earlier condition that the Fabry-Pérot resonance be dominated by the linewidth of the TMD. All three inequalities are easily met for d on the order of an optical wavelength [24] .
When these conditions are satisfied, the mirror affects the exciton dynamics in a rather simple way. It shifts the resonance frequency by (γ/2) Im r 0 e 2ik0d and modifies the radiative decay rate toγ = γ 1 + Re r 0 e 2ik0d . As alluded to previously, we may view the changes in energy and decay rate as a result of the formation of an exciton-polariton, where the excitonic degrees of freedom hybridize with a photonic mode that occupies the region between the TMD and mirror. At particular distances, the lifetime of the polariton can be significantly enhanced compared to an exciton in free space due to destructive interference between the radiation emitted by the exciton and the localized photonic mode.
After solving for the exciton dynamics governed by Eq. (1), we can obtain the scattered field from the inputoutput relations [24, 25] 
These expressions have the simple interpretation that the output field arises from a superposition of the input fields with the field emitted by the TMD. Supposing that light is incident from the left, the reflection and transmission coefficients can be computed ac-
For a weak input field, the coefficients computed in this manner agree with the classically derived result under the same conditions for which the Heisenberg-Langevin equation holds. The inputoutput relations also give us direct access to higher-order photon correlation functions such as the normalized twotime correlation function of the transmitted field,
. (5) Such correlation functions can be computed by expressing them in terms of two-time correlation functions of the excitonic operators, which can be in turn related to one-time expectation values using the quantum regression theorem [26] . Finally, we numerically evaluate the one-time correlation functions from Eq. (1) in a truncated Fock space [24] .
For the remainder of the discussion, we focus on the special case d = d FP , where the sharp Fabry-Pérot resonance occurs. It is possible to neglect the difference between k FP and k 0 under the same conditions that allowed us to ignore retardation. Hence, the resonance condition reads r 0 e 2ik0dFP = −R 0 ±i √ R 0 T 0 and the radiative decay rate of the exciton-polariton is given byγ = T 0 γ = γ FP , consistent with the width of the transmission peak. To quantify the effect of line narrowing on the nonlinear dynamics, we plot g (2) T (τ ) for different values of the dispersive nonlinearity χ 1 in Fig. 2b . Both the loss rate γ and the dissipative nonlinearity χ 2 are taken to be zero, and we assume that a weak, monochromatic, coherent state resonant with the transmission peak (δ = δ FP ) is incident on the TMD from the left. The figure clearly shows that g (2) T (0) drops significantly below unity for χ 1 > γ FP , confirming the presence a nonclassical state of light with strong photon antibunching [26] . The effect may be understood by observing that the transmission peak of the single and two-exciton transitions are shifted relative to each other by χ 1 . If this shift exceeds the peak width γ FP , the second photon is reflected with high probability. In the limit χ 1 → ∞, the transmission probability of the second photon is given by T 0 , which explains the small but nonvanishing value of g (2) T (0). By setting χ 1 = δ FP , it is in fact possible to achieve g T (0) = 0 because the transmission peak of the single exciton transition then perfectly matches a zero in transmission of the two-exciton transition (cf. Fig. 1c at zero detuning) . We note that the line narrowing also affects the time scale over which antibunching is observed, the relevant time scale now being set by 1/γ FP rather than the free-space lifetime 1/γ.
A dissipative nonlinearity can also give rise to photon antibunching. Figure 2c shows g T (0) as a function of either χ 1 or χ 2 , where the other parameter is set to zero. The two nonlinearities have a qualitatively similar effect on photon antibunching with the main difference being that the perfect antibunching dip at χ 1 = δ FP is absent in the case of the dissipative nonlinearity. While in both cases, antibunching is caused by reduced transmission at the two-exciton transition, the dissipative nonlinearity accomplishes this by reducing the peak height (cf. Fig. 1e ) rather than by shifting its position.
In order to observe antibunching in the presence of loss, it is necessary that the nonlinearity is large compared to not only γ FP but also to γ . This is illustrated in Fig. 2d , where we plot g (2) T (0) as a function of both γ and T 0 for a fixed values of χ 1 and χ 2 . In addition, we still require that γ < γ FP to ensure high transmission (see Fig. 1e ). These conditions may be summarized as
where χ stands for χ 1 or χ 2 . In Fig. 2d , these inequalities correspond to the region below the dashed horizontal line, to the left of the dashed vertical line, and above the diagonal red line. We point out that strong antibunching can be observed in the region γ FP < γ < √ T 0 γ below the red line. However, this region is of little practical relevance as it would be challenging to observe antibunching given the weak transmitted signal.
We next discuss the feasibility of our scheme given current material parameters in TMDs. Theoretical calculations [27] have estimated the interaction energy between two excitons delocalized over an area A in WS 2 (we expect it to be comparable in other TMDs) as g ≈ 4 µeV µm 2 /A. The parameter χ 1 is obtained by T (0) on the strength of the nonlinearity, which illustrates that both dispersive and dissipative nonlinearities lead to photon antibunching. Only χ1 (blue) or χ2 (red) is varied, while the other parameter is set to zero. (d) g T (0) as a function of γ and T0. The experimentally relevant regime to observe strong antibunching is located below the horizontal dashed line (χ1 > γFP) and above the red line (γFP > γ ).
computing the interaction energy of two excitons whose in-plane wavefunction is proportional to the electric field profile of the incident laser. For a Gaussian beam with waist w 0 , we obtain χ 1 = g/(πw 2 0 ), where we assumed that the interaction is short ranged. The exciton transition in WS 2 occurs at λ 0 ≈ 600 nm [28] , which yields χ 1 ≈ 13 µeV for a diffraction limited spot (w 0 = λ 0 /2). With the intrinsic linewidth given by γ ≈ 3 meV [29] , the transmission coefficient the mirror must therefore satisfy T 0 1/230, which is experimentally feasible. In practice, the enhancement will likely be limited by the loss rate γ , which depends on the quality of the material. Values of γ < 0.1γ have recently been achieved [11] . While the current limiting factors are not fully understood, further improvements in material quality will likely result in a decrease of γ . We note that exciton dispersion places a lower bound on the loss rate. The bound is determined by the time scale t d = mw 2 0 /(2 ), m being the exciton mass, after which the exciton wavefunction starts to significantly spread out, leading to a reduced overlap with the photonic mode, and thereby spoiling the Fabry-Pérot resonance. For our purpose, the effect is expected to negligible since the associated rate /t d contributing to γ is found to be less than 1 µeV.
The above considerations indicate that TMDs are a promising platform for exploring quantum nonlinear optical phenomena. In addition, our approach is compatible with methods that seek to directly increase the interaction strength between excitons in order to alleviate the requirements on the loss rate. It has been proposed that this may be accomplished by using excited states of the exciton [27] or by exploiting scattering resonances between excitons [30] . Interlayer excitons in TMD heterostructures offer an alternative route as their permanent dipole moment can give rise to much stronger interactions [31] . Finally, applying a periodic potential to the TMD can enhance the interaction strength by increasing the local exciton density at the potential minima. The potential may be implemented in practice with a modulation of the dielectric environment [32] or via the energy landscape arising from a moiré pattern in a heterostructure [33] .
In summary, we have demonstrated that a partially reflecting mirror can be used to dramatically enhance the lifetime of exciton-polaritons associated with a resonant two-dimensional material, which in turn enhances the sensitivity to weak nonlinearities. In contrast to other approaches of generating nonclassical states of light with weak nonlinearities, such as the unconventional photon blockade [34, 35] , our scheme does not require fine tuning between the nonlinearity and the loss rate. While we have focused on TMDs, the approach is applicable to a wide variety of systems, such as regular arrays of trapped ultracold atoms [19, 20] . The scheme can be naturally extended to multiple emitters such as several closely spaced layers of TMDs, which could replace the conventional mirror entirely [36] . Furthermore, future work may explore the crossover into the non-Markovian regime by moving the emitter sufficiently far away from the mirror such that retardation is no longer negligible [37, 38] .
